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SO(3, 1) Yang-Mills Fields
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SO(3, 1) valued Yang-mills fields stemming from spacelike and timelike vectors that
were studied separately in earlier works are unified by introducing a parameterλ that
takes values in the interval [−1, 1].

In this paper, the early works in whichSO(3, 1) valued Yang-Mills fields
were constructed using the Dirac algebra valued fieldw = wµγµ with eitherw a
timelike vector (w2 = (w0)2− Ew · Ew < 0) (Dündarer, 1993) or a spacelike vector
(w2 > 0) (Dündarer, 2001) are unified by introducing a parameterλ = ±1, and
then generalizingλ to take a value in the domain [−1, 1], the endpoints of which
give the previous timelike or spacelike fields.

To review, we have (D¨undarer, 1993, 2001) the gauge potentialA and the
corresponding Yang-Mills fieldF = d A+ A∧ A as

timelike: w2 < 0: A = − [w, dw]

2(1− w2)
⇒ F = − dw∧ dw

(1− w2)2
, (1)

spacelike: w2 > 0: A = + [w, dw]

2(1+ w2)
⇒ F = + dw∧ dw

(1+ w2)2
(2)

which can compactly be written as

A±(w) ≡ ±[w, dw]

2(1± w2)
⇒ F±(w) = ±dw∧ dw

(1± w2)2
. (3)

Now we introduce a fixed parameterλ ∈ [−1, 1] and define

Aλ(w) ≡ λ[w, dw]

2(1+ λw2)
(4)
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from which one obtains the Yang-Mills fieldF as

Fλ(w) = λdw∧ dw

(1+ λw2)2
. (5)

As to the vector componentswµ, we parametrize them in terms of (σ, τ ) ∈ M2

andz ∈ C P1 as

w0 = σ

2
(eτ + λe−τ ), (6)

wk = σ

2
(eτ − λe−τ )uk, (7)

where

u1 = z̄n + zn

1+ (zz̄)n
, (8)

u2 = i (z̄n − zn)

1+ (zz̄)n
, (9)

u3 = 1− (zz̄)n

1+ (zz̄)n
(10)

are stereographic coordinates ofS2 ∼ C P1 with Eu · Eu = 1. This parametrization
is consistent with previous works, as forλ = −1 we obtainwµ = wµ

− (Dündarer,
1993) and forλ = +1 we obtainwµ = wµ

+ (Dündarer, 2001). Since

w2 = (w0)2− Ew · Ew = λσ 2 (11)

the caseλ > 0 corresponds to spacelike vector (w2 > 0), λ < 0 corresponds to
timelike vector (w2 < 0), andλ = 0 corresponds to lightlike vector (w2 = 0).
Note thatλ = 0 gives null fieldsA = F = 0.

As to the range of parameters we setσ ∈ [0,6] and τ ∈ [0,3] the upper
bounds being a necessity of the finiteness of the universe. We also havez= ρ ei θ ,
with ρ ∈ [0,∞] andθ ∈ [0, 2π ] as before.

We find theλ-dependent Yang-Mills field

Fλ(w) = −iλσµν
(1+ λ2σ 2)2

dwµ ∧ dwν (12)

as

Fλ(w) = −2λ2σ

(1+ λ2σ 2)2
b′ dσ ∧ dτ

+ 2λσ 2

(1+ λ2σ 2)2
· n

2(zz̄)n−1(e2τ + λ2 e−2τ − 2λ)

[1+ (zz̄)n]2
b dz∧ dz̄

+ 2nλσ (eτ − λe−τ )
(1+ λ2σ 2)2[1+ (zz̄)n]

[(eτ fR− λ e−τ fL)z̄n−1 dσ ∧ dz̄
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+ σ (eτ fR+ λ e−τ fL)z̄n−1 dτ ∧ dz̄− (eτ f †L − λ e−τ f †R
)
zn−1 dσ ∧ dz

− σ (eτ f †L + λ e−τ f †R
)
zn−1 dτ ∧ dz] (13)

where we defined the right- and left-handed fieldsfR,L as

f †R =
1+ γ5

2
f † = 1

2
( f † + f ′†), fR = 1

2
( f + f ′), (14)

f †L =
1− γ5

2
f † = 1

2
( f † − f ′†), fL = 1

2
( f − f ′) (15)

with f and f ′ as defined in (D¨undarer, 2001).
As a result of the duality relation satisfied byσµν this field also satisfies

∗F = −i γ5F. (16)

Then the Yang-Mills action

IY-M = 1

2

∫
Tr (F ∧∗ F) (17)

becomes

IY-M = −2 · 4!
∫

λ2

(1+ λ2σ 2)4
d4w (18)

= −(4πn)(4!)
∫ ∞

0

nρ2n−1 dρ

(1+ ρ2n)2

∫ 6

0

λ3σ 3 dσ

(1+ λ2σ 2)4

×
∫ 3

0
(e2τ + λ2e−2τ − 2λ) dτ. (19)

Performing the integrals we obtain

IY-M = −2πn

λ

[
1− 1+ 3λ262

(1+ λ262)3

]
[λ2− 1− 4λ3+ e23 − λ2 e−23]. (20)

Forλ = ±1 this expression reduces to

I ±Y-M = 4πn

[
1− 1+ 362

(1+62)3

]
[23∓ sinh 23] (21)

and in the limitλ→ 0 the lowest order terms are

IY-M →−6πnλ364(e23 − 1) (22)

which tends to zero as required.
Finally at the conclusion I want to remark that in this paperλ was taken to

be a fixed parameter and the case where it is also subject to variation is an open
problem. That is, can one reach from one zone to the other (e.g., from spacelike
field to the timelike) by continuously varyingλ (e.g., from+1 to−1 in this case)?
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If this turns out to be possible then it means that a tachionic field can turn into a
spacelike one and vice versa.
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